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Abstract:
Assuming simple properties of the spectator particle in weak decays the form factors
of hadronic current matrix elements are shown to be related to a single universal
function. The Isgur-Wise result for heavy-to-heavy transitions follows as well as
similar relations for heavy-to-light decay processes. The approximation should hold
for total energies of the nal particle large compared to the connement scale. A
comparison with experimentally determined D-decay form factors and QCD sum
rule results for B-decays is very encouraging.
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The dynamical content of hadronic current matrix elements is described by
Lorentz-invariant form factors. Knowledge of these form factors is essential for the
description of semileptonic and nonleptonic weak decay processes and in particular
for the experimental determination of the fundamental Kobayashi-Maskawa matrix
elements. For transitions containing one (innitely) heavy quark in the initial and
another heavy quark in the nal state (heavy-to-heavy transitions) the number of



















) the 6 form factors describing
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vector and axial vector matrix elements are are all related to a single unknown form
factor, the Isgur-Wise function [1]. Even though m
c
is not suciently large and
leads to sizeable 1=m
c
corrections the Isgur-Wise relations provide for a good start-
ing point for more detailed investigations based on the heavy quark eective theory
(HQET) [2].
For heavy to light transitions such as B ! , B ! , on the other hand, similar
relations among the form factors cannot be derived by using the heavy quark limit.
The heavy quark symmetries are not applicable and the number of independent form
factors is not reduced.
Nevertheless, in the present note I will show that interesting relations among
heavy-to-light form factors can be obtained. They are very similar to the ones for
heavy-to-heavy transitions. I will, however, have to make use of two dynamical
assumptions:
i) In the rest system of a hadron the o-shell energy of a constituent quark is close
to its constituent mass independent or little dependent of its space momentum
1
.
ii) In the rst stage of the weak transition, i. e. before nal hadronization, the
spectator particle | whatever it consists of | retains its original momentum and
spin.
Let us consider a B-meson in its rest system and divide the mass of this initial
state formally into the sum of the b-quark energy 
B
b






















 0:35 GeV) holds for
1
This assumption is inspired by the classical notion that the sum of kinetic and potential energy
of each quark remains constant.
2




of the spectator quark relevant in the decay




and are of order of
a few hundred MeV only.
The nal particle emitted in the weak process contains the spectator particle plus
a u-quark in a b! u transition or a c-quark in a b! c process. If the energy and





























































denote mass, energy, and space momentum, respectively, of the
nal particle in the B-meson rest system with P
F
choosen to lie in the 3-direction.
Applying now space momentum conservation for the spectator according to as-



















































equal to zero. Due to the correlation (3) the integrand

















are both small. Taking as an example harmonic oscillator








relevant for the transition are obtained from










where  ' 1 is the ratio of the square of nal and






























































































even for energetic transitions and
in accord with the idea that | in the rst stage of the process | the spectator
3
does not take up a large energy fraction. More important, we learn from the two
examples that the b-quark space momenta active in the transition lie around 
F
sp
with a width of about

. Thus, the relevant b-quark space momenta are small and
of the order of the connement scale even in a transition with large energy release!
Using Eq. (2) one can now estimate the momentum range of the generated u or

















































































































Thus, in the rst stage of the weak decay the u or c quark carries | apart from cor-





| energy and longitudinal momentum of the nal particle.
If the above conditions are satised, it is easy to obtain form factor relations in

















, one can simply neglect ~q
b
in the Dirac spinor of the b-quark
and nds the transition matrix element of the weak current to be proportional to































































elements of a 2  2 spin matrix with L = 1l for B-decays to a pseudoscalar state,
e.g. the -meson, and L =   ~e for B-decays to a vector particle polarized in ~e
direction. The form (8) satises the requirement that the spin components of the
spectator particle remain unaected in the decay process.
4
A comparison of (8) with the conventional form factor decomposition [3] of the









































































and the avor of the outgoing quarks (and on m
B
).
For transitions to a vector particle (the  or D

























































































































In the limit of large m
c








apply the spin symmetry of HQET valid for heavy-to-heavy transitions. Eqs. (9)





































































Thus the well-known heavy-to-heavy form factor relations [4] based on the heavy
quark limit [1] are contained in (9) and (10).
For b! u transitions we can set m
u
































































































































































Remarkably, the heavy-to-light form factor relations are not very dierent from to





has to be taken into account due to the lack of spin symmetry in the
nal state.
Of particular interest is the fact that the longitudinal form factor F
0
and the
transverse form factor A
1
again behave dierently from the remaining form factors.
This result is strongly supported by a recent detailed QCD sum rule calculation of





while the other form factors increase as usually expected.
The dierential branching ratio for a semileptonic decay to a vector particle using










































































































































denotes the current mass of the emitted quark active in the process. The dier-
ential branching ratio for a decay to a pseudoscalar particle is obtained from (13)








































The assumptions leading to the result (9-15) are rather general. It should hold
or approximately hold in all quark model calculations which treat the spectator
the same way as done here and use the relativistic Dirac-spinor structure. An
interesting publication by the Orsay group [6] deals with an explicit semi-relativistic









reproduces for large m
F
the Isgur-Wise relations. Their formulae dier, however,
for heavy-to-light transitions from the ones found here since in their model the light
quark is not treated in a fully relativistic manner.








) because of the relatively low energies of the nal particles involved.













= 0 the form factor values shown in Table I.
Table I: D! K

form factors at q
2
= 0
theory (Eq. (10)) experiment [8]
V (0) 1:00   1:16 0:16
A
1
(0) 0:61   0:61 0:05
A
2
(0) 0:42   0:45 0:09
For the ratio of form factors the agreement with experiment
2
is surprisingly good.






)=0:67 can be estimated
and turns out to be very close to one.
For B-decays to light particles there are not yet experimental data available
to test Eq. (12). One can, however, compare form factor ratios from (12) with
the explicit QCD sum rule calculations of ref. [5] and ref. [7]. Table II shows as
representative examples the B !  transition form factors at q
2





. Noticeably, there is agreement with the QCD sum rule result. In particular,
in all three calculations the ratio A
1




The data at q
2
= 0 are extracted from integrated rates assuming single pole formulae. Thus,
they are not completely free of theoretical uncertainties.
7
Table II: B !  form factors at q
2


































0:67 0:66  0:39
Encouraged by the above success one can go further and can try to relate heavy-
to-heavy with heavy-to-light form factors. This requires, however, a new dynamical
assumption referring to the formation of the nal particle after the initial stage of
the weak transition considered so far: The picking up of the spectator quark by the
active quark to form the nal hadron of a given spin (say a  or a D

) is assumed
to depend only on the velocity of these hadrons and not on their detailed structure.
Clearly, such an approximation ignores the dierent radii of  and D

and QCD

































































B !  and D! K

transitions. The prefactors in (16) have been chosen
in such a way that (y) is just the Isgur-Wise function as can be seen by comparing
(16) with (11) and using the conventional denition of this function for heavy-to-
heavy transitions
3
. Clearly, a direct practical use of comparing a b! c with a b! u
or c ! s transition can only be made if the values of y considered belong to the






holds for the heavy-to-light transition.
3
Instead of the conventional variable y a more appropriate variable appears to be the space
component of the velocity, v
3













. The large y or v
3
! 1 behaviour of R is relevant for B ! ;K
decays.
8
As a simple test for the applicability of (16) one can take the numerical value




transition at a given value of y in order
to obtain the form factors for

B !  decays at the corresponding q
2
value. For
y = 1:5 (i.e. q
2




decay) the corresponding momentum transfer
in the







 (1:5) = 0:023  0:002 [9]
and V
cb





) = 0:97  0:11. From (12)
one then gets the B !  form factor values shown in Table III. Remarkably, the
theoretical numbers are in agreement with the values obtained from the plots in ref.
[5] and ref. [7].




theory (Eq. (12)) ref. [5] ref. [7]
V
B!








(16:3) 0:60  0:07 0:52  0:26























it is also possible to get from (y) information on D ! K

transitions. Choosing
y = 1:28 which corresponds to q
2











) = 0:67 0:08. Thus,
the quantity  dened earlier is obtained to be ' 1 giving close agreement between
theory and experiment in D-decays
4
.
Heavy-to-light current matrix elements are also needed in the calculation of non-
leptonic and Penguin-induced matrix elements [3]. Of recent interest [6, 12] are the
decays B ! K
()
J= which are given | in factorization approximation | by the
B ! K
()
form factors [3, 6, 12]. For the calculation of the polarization of K

one





). It can be directly obtained




= 0:41 not in accord
4















measured dierential branching ratio [11] according to Eq. (13).
9
with the most recent value 
L
= 0:66  0:1  0:1 [13] or the even larger values of
previous Argus and Cleo results [14]. I do not consider the result for the longitudinal
polarization as an argument against (10). Factorization is an approximate concept
[3], and the longitudinal polarization involving the interference of S and D waves
is particular sensitive to nal state interactions. The small class II transitions can







-like states turning into K

J= .




"" the form factors of currents of
the magnetic moment type are combinations of the form factors of semi-leptonic
decays, as shown by Isgur and Wise [15]. Now, the present investigation shows that
these relations should also hold for small q
2
. In particular, for suciently large E
F



































The formulae given in this paper give a handle on heavy-to-light matrix elements.
Eqs. (9-15) combined with constraints from dispersion theory [16] will be useful for
the determination of the Kobyashi-Maskawa matrix element V
ub
. In addition | but
with less rigor | one can make use of the universality property expressed in (16, 17):
Taking a dispersion theoretic formula for the vector form factor R(q
2
) in (13) and
tting the corresponding parameters to a single decay mode many predictions can
be made. However, more work is necessary to get a precise control of the theoretical
errors.
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